Abstract. Given any two Einstein (pseudo-)metrics, with scalar curvatures suitably related, we give an explicit construction of a Poincaré-Einstein (pseudo-)metric with conformal infinity the conformal class of the product of the initial metrics. We show that these metrics are equivalent to ambient metrics for the given conformal structure. The ambient metrics have holonomy that agrees with the conformal holonomy. In the generic case the ambient metric arises directly as a product of the metric cones over the original Einstein spaces. In general the conformal infinity of the Poincaré metrics we construct is not Einstein, and so this describes a class of non-conformally Einstein metrics for which the (Fefferman-Graham) obstruction tensor vanishes.
Introduction
Einstein metrics have a distinguished history in geometry and physics. An area of intense recent interest has been the study of conformally compact Einstein metrics and their asymptotically Einstein generalisations. In particular, there have been exciting recent developments relating the topology and scattering theory of these structures with Branson's Q-curvature, renormalised volume and related quantities [1, 2, 11, 13, 20, 25] . This programme is intimately linked to the AdS/CFT programme of Physics [32, 24] which seeks to relate conformal field theory of the boundary conformal manifold to the (pseudo-)Riemannian field theory of the interior "bulk" structure.
Let M be a compact smooth manifold with boundary M = ∂M . A metric g + on the interior M + of M is said to be conformally compact if it extends (with some specified regularity) to M by g = r 2 g + where g is nondegenerate up to the boundary, and r is a non-negative defining function for the boundary (i.e. M is the zero set for r, and dr is non-vanishing along M ). In this situation the metric g + is complete and the restriction of g to T M in T M | M determines a conformal structure that is independent of the choice of defining function r; the latter is termed the conformal infinity of M + [26] . If the defining function is chosen so that |dr| = 1 (with respect to g) along M then the sectional curvatures tend to −1 at infinity and the structure is said to be asymptotically hyperbolic. The model is the Poincaré hyperbolic ball. More generally one may suppose that the interior metric g + is Einstein in the sense that Ric(g + ) = −ng + , and in this case the structure is said to be Poincaré-Einstein.
A central question is the existence and uniqueness of an interior Poincaré-Einstein structure (M + , g + ) for a given conformal manifold (M, [g] ). In [23] Graham-Lee showed that each conformal structure on S n , sufficiently near the standard one, is the conformal infinity of a unique (up to diffeomorphism) asymptotically hyperbolic Poincaré-Einstein metric on the ball near the hyperbolic metric. This idea has been extended to more general circumstances by Biquard [7] , Lee [27] and Anderson, e.g. [2] . In another direction, yielding further examples, a connected sum theory for combining Poincaré-Einstein metrics has been developed by Mazzeo and Pacard [33] .
The problem of obtaining existence and examples is already interesting if we drop the requirement of compactness and simply seek a Poincaré-Einstein collar (and certain extensions thereof) for a given conformal (M n , [g]). We will use the term Poincaré-Einstein to include structures of this type, that is structures satisfying the conditions above except that we will not assume M is compact. This perspective is given without apology; in the setting of physics, for example, it is not necessarily expected that the important metrics are conformally compact. Given (M n , [g]) with n odd and g analytic, a collar solution is guaranteed by the formal theory, but if n is even then a formal Poincaré-Einstein metric is obstructed by a symmetric tracefree 2-tensor B [12, 19, 22] . In dimension 4 this is the Bach tensor from Weyl relativity [5] ; in general even dimensions we will refer to this as the (Fefferman-Graham) obstruction tensor.
In this article the main result is a construction of Poincaré-Einstein metrics for a class of boundary conformal structures. More precisely it is this. Given a pair of Einstein manifolds (M . This is Theorem 4.1. Using r for the standard coordinate on the interval [0, r 0 ), explicitly the interior metric is
where µ is any constant satisfying 2m 1 (m 1 − 1)µ = Sc(g 1 ) and 2m 2 (m 2 − 1)µ := −Sc(g 2 ). We take m 1 ≥ 1 and m 2 ≥ 0. In the construction m 2 = 0 corresponds to taking (M m 2 2 , g 2 ) as a point (or a collection of isolated points). Thus, as a special case, we recover an explicit Poincaré metric for the case that the boundary metric is Einstein. In the generic situation of our construction, the product metric g 1 × g 2 will sit uniquely as the only metric in its conformal class [g 1 × g 2 ] which is a product of Einstein metrics, and so in this setting the Poincaré-metric is determined by the boundary conformal structure.
Given Einstein metrics (M Using this with the formula for g + (with m 2 = 0), yields a Poincaré metric of signature (p 3 + p 4 + 1, In section 5 we show that a certain smooth extension of the metric cone of the interior of a Poincaré-Einstein structure, with conformal infinity (M, [g]), yields a Ricci-flat ambient metric for (M, [g]) (in the sense of [12, 9] except here we obtain the ambient as a manifold with boundary as a fibered structure over the full Poincaré-Einstein structure). Thus our results above can be rephrased in terms of the ambient metric. In fact our construction proceeds in the other direction. Over a non-Ricci flat Einstein m-manifold (M, g) one may construct the Ricci-flat dimension m + 1 metric cone (M , g). This is a standard construction which dates back to the work of Ernst Ruh in the 1970s, see [34] for references. If M 1 and M 2 are two such cones, over Einstein metrics g 1 and g 2 with an appropriate scalar curvature relation, then we show, in section 3 that the product (
. The construction generalises in the sense that one may write down the same ambient metric directly and this then extends to the case that g 1 and g 2 are Ricci-flat. This general case is treated first in Theorem 2.1, of section 2, where we verify explicitly that the metric satisfies the conditions of a Ricci-flat ambient metric as in [9, 12] . The Poincaré-Einstein metric arises as the induced structure on a certain codimension 1 submanifold of the ambient manifold, via a construction of Fefferman-Graham [12] (see also [14] ). Thus Poincaré-Einstein metrics are equivalent to ambient metrics, at least ambient metrics as manifolds with boundary, in the sense of section 5.
Recently there has been considerable interest in conformal holonomy [3, 29, 31, 30, 28] , that is the holonomy of the normal conformal tractor (or Cartan) connection of [10, 6, 8] . In Theorem 6.4 we show that holonomy of the ambient metrics from Theorem 2.1 agrees with the conformal holonomy. Using this result we show in Theorem 3.4 that in general the products g 1 × g 2 where m 2 (m 2 − 1)Sc(g 1 ) = −m 1 (m 1 − 1)Sc(g 2 ), are not conformally Einstein. In fact we show the stronger result that they are in general not conformally almost-Einstein in the sense of [16] . This shows that the general construction of ambient metrics and Poincaré-Einstein metrics here is not a disguised form of the simpler construction for Einstein boundaries. The ambient variant of the latter seems to have been first given in [30, 22] (and see also [3] ). Since the obstruction tensor B is an obstruction to the type of ambient metrics and Poincaré metrics that we construct [19, 22] , it also follows that the generic products of this form give a large class of metrics which are not conformally almost-Einstein and yet for which the obstruction tensor B, mentioned above, vanishes, see Corollary 3.3 and Theorem 3.4. (The obstruction tensor vanishes on manifolds which are conformally almostEinstein [12, 19, 22] .)
In section 7 we show that the Poincaré-Einstein interior metrics, that we obtain, are characterised by the presence of so-called special Killing forms. These are simple Killing forms satisfying additional integrability conditions as described in Theorem 7.2. In the final section we give examples of Poincaré-Einstein metrics where the boundary conformal structure is not conformally Einstein. It is also observed there that one can obviously iterate the construction of Poincaré-Einstein metrics, as described in Theorem 4.1, to obtain a recursive construction principle for a class of Poincaré-Einstein metrics.
We have noticed that Armstrong and Leistner have just developed [4] an interesting construction with some relation to that we give in section 2. They give a construction of an ambient type space with a connection with torsion the Cotton tensor. 
Ambient metrics
Let M be a smooth n-manifold. Recall that a conformal structure of signature (p, q) on M is a smooth ray subbundle S 2 T * M ⊃ Q π → M whose fibre over x consists of conformally related signature-(p, q) metrics at the point x. Sections of Q are metrics g on M . So we may equivalently view the conformal structure as the equivalence class [g] of these conformally related metrics. Let us use ρ to denote the R + action on Q given by ρ(s)(x, g x ) = (x, s 2 g x ). Following [9] , an ambient manifold is to mean a smooth (n + 2)-manifoldM endowed with a free R + -action ρ and an R + -equivariant embedding i : Q →M . We write X ∈ X(M ) for the fundamental field generating the R + -action, that is for f ∈ C ∞ (M ) and u ∈M we have
If i : Q →M is an ambient manifold, then an ambient metric is a pseudoRiemannian metric h of signature (p + 1, q + 1) onM such that the following conditions hold:
(i) The metric h is homogeneous of degree 2 with respect to the R + -action, i.e. if L X denotes the Lie derivative by X, then we have L X h = 2h. (I.e. X is a homothetic vector field for h.) (ii) For u = (x, g x ) ∈ Q and ξ, η ∈ T u Q, we have h(i * ξ, i * η) = g x (π * ξ, π * η).
To simplify the notation we will usually identify Q with its image inM and suppress the embedding map i. To link the geometry of the ambient manifold to the underlying conformal structure on M one requires further conditions. In [12] Fefferman and Graham treat the problem of constructing a formal power series solution along Q for the (Goursat) problem of finding an ambient metric h satisfying (i) and (ii) and the condition that it be Ricci flat, i.e. Ric(h) = 0. A key result is Theorem 2.1 of their paper: If n is odd, then up to a R + -equivariant diffeomorphism fixing Q, there is a unique power series solution for h satisfying (i), (ii) and Ric(h) = 0. If n is even, then in general one may formally obtain Ric(h) = 0 only up to the addition of terms vanishing to order n/2 − 1. See [18, 19, 21] for further discussion.
For a pair of suitable Einstein metrics g 1 and g 2 we give here an explicit Ricci-flat ambient metric. In the theorem we include the case of just a single Einstein manifold M 1 . This is consistent with the general construction by taking the view that the second manifold M 2 is a single point (and so of dimension m 2 = 0). It was known to Fefferman and Graham [12] that the problem of constructing a formal ambient metric was solvable to all orders whenever the conformal structure underlying manifold M was conformally Einstein. In [30] an explicit ambient metric was given for that case. The following theorem may be viewed as an extension and generalisation of those results. 
, with metric given by the expression (1) below.
Note that if either of m 1 or m 2 is at least 2 then there is exactly one solution µ to the condition, 2m 1 (m 1 − 1)µ = Sc(g 1 ) and 2m 2 (m 2 − 1)µ = −Sc(g 2 ).
Otherwise µ is any real number. (In fact if m 1 = 1 and m 2 = 0 then µ can be taken to be a non-vanishing function. We do not treat this as a special case as the factor may absorbed as a conformal transformation of g 1 .) Proof of the Theorem: Let us simplify notation by defining M := M 1 × M 2 , and g := g 1 × g 2 . We write π : Q → M for the R + -bundle of metrics conformally related to g. The metric g determines a fibre coordinate t on Q by writing a general point of Q in the form (p, t 2 g(p)), where p ∈ M and t > 0.
The ambient manifold is defined to beM := Q ×Ĩ wherẽ
There is a projectionM → Q given by forgetting theĨ component in the product. Following this with π : Q → M we have a projectionπ :M → M . It follows that we have the canonical bilinear formsπ * g 1 andπ * g 2 onM .
For notational simplicity let us write, respectively, g 1 and g 2 for these forms onM .
We equipM with the metric
where ρ is the standard coordinate on R viewed as a coordinate onĨ (and hence onM ) and Q is identified with its image Q × {0} ⊂M . Note that ρ is a defining function for Q and that the functions 1 ± µρ are non-vanishing on the setĨ. Observe that the R + action on Q extends toM in the obvious way via the product Q ×Ĩ. Thus X := t∂ t extends the fundamental vector field on Q and it is clear that L X h = 2h. Since ρ is a defining function for Q it is clear that along Q, and upon restriction to T Q, h agrees with the tautological bilinear form on Q determined by [g] . That is we have the property (ii) for an ambient metric. It remains to check that h is Ricci flat. Fixing some choice of local coordinates x 1 , · · · , x m 1 on M 1 and x m 1 +1 , · · · , x m 1 +m 2 on M 2 , the coordinates (x, t, ρ) onM are the obvious extension of the coordinates (x, t) on Q. We calculate in these coordinates, and for a function f (x, t, ρ) the notation f ′ will mean ∂f /∂ρ. For any metric h in the form (cf. [12] )
whereg ij (x, ρ) is (the pull-back toM of) a 1-parameter family of metrics on M , we have the following: X is homothetic and h(X, ·) is closed (in fact exact) and so
is (the pull-back toM of) the tensor
and Ric(h) ρj is
where, for each value of the parameter ρ,∇ (ρ) is the Levi-Civita covariant derivative on M forg(x, ρ). Now we calculate each of these in turn. First we calculate (3), (4), and (5) for the metric (1) in the case that m 2 = 0, that isg = a 2 g 1 where a := 1 + µρ. For simplicity write n = m 1 and g = g 1 . Then we haveg ′ ij = 2µag ij and hence we haveg klg′ kl = 2µa −1 n andg ′′ ij = 2µ 2 g ij . Substituting these in (3) we obtain − 2ρµ
For (4) we need alsog ijg′′ ij = 2a −2 µ 2 n and substituting this gives −na −2 µ 2 + na −2 µ 2 = 0. Finally for (5) observe thatg kℓg′ kℓ depends only on ρ and so∇ Next we assume m 2 ≥ 1 and sog = a 2 g 1 + b 2 g 2 , where a := (1 + µρ) and b := (1 − µρ). First note thatg ′ ij = 2µag 1 ij − 2µbg 2 ij and hence we have
Substituting these in (3) and assuming that 1 ≤ i ≤ m 1 brings us to
which vanishes identically since b + a = 2. A similar calculation for (3) with
Finally the case (5). First observe thatg kℓg′ kℓ = 2µ(a −1 m 1 − b −1 m 2 ) depends only on ρ and so∇
But∇ (ρ) is the Levi-Civita connection for a product metric compatible with the structure M 1 × M 2 . Thus∇ (ρ) P (1) = 0 =∇ (ρ) P (2) and we conclude that Ric(h) ρj = 0.
The generic setting and Metric cones
For (M m , g) an Einstein manifold of scalar curvature Sc(g) = 0 the metric cone is usually defined to be M = M × R + equipped with the metric
This is Ricci-flat [34] . As a minor variation on this theme we equip M with the metric
where λ g satisfies Sc(g) = m(m − 1)λ g . Then the metric g is well defined and Ricci-flat for all dimensions m ≥ 1 of the base manifold. We call (M , g) the metric cone for (M, g). Note that if g has signature (p, q) then the cone has signature (p + 1, q) or (p, q + 1) according to whether λ g is respectively positive or negative. Now suppose that we have a pair of Einstein manifolds (M
as in Theorem 2.1 (and we allow the case m 2 = 0 as explained there.) We will show that the product of the cones over (M 1 × M 2 , g 1 × g 2 ) is the ambient manifold from Theorem 2.1.
With λ satisfying Sc(g 1 ) = m 1 (m 1 − 1)λ there is no essential loss of generality in assuming that λ > 0. Then the cone metrics are
on, respectively, M 1 and M 2 . A product of Ricci-flat metrics is always Ricci-flat and so in particular this is true for the product metric
and set µ = λ/2. Re-expressing the right-hand-side of (8) in terms of t, ρ, µ, and the pull-back metrics g 1 and g 2 , a direct calculation recovers exactly the expression for the ambient metric as given on the right-handside of (1). The Jacobian ∂(t, ρ)/∂(s 1 , s 2 ) is non-vanishing on the positive (s 1 , s 2 )-quadrant and so, with the pull-back (under the obvious projections) of coordinate sets from M 1 and M 2 , the pair t, ρ give coordinates on the entire product M 1 × M 2 . The metric (1) extends this, and since the inverse of the transformation (9) is (10)
we see immediately that the points where the ambient metric (1) degenerates (e.g. ρ = ± 1 µ in the generic case) are points bounding but not in the product
(In stating things this way we are viewing bothM and the product M 1 × M 2 as subspaces, in the obvious way, of the manifold Q × R.) In summary we have the following result.
is the product of the cone metrics (7) where λ = 2µ satisfies Sc(
We make some observations in relation to this picture. Proposition 3.2. The ambient metric h given in (1) is independent of constant dilations of the product metric
Proof: First observe that if α ∈ R + and metrics g and g are related by a constant conformal rescaling according to g = αg then Ric( g) = Ric(g). Thus Sc( g) = α −1 Sc(g) and so, making the compatible transformation of λ g to λ g , we have λ g g = λ g g and the cone metric (6) for (M, g) is the same as the cone metric for (M, g). It follows easily that the product metric h × on M 1 × M 2 depends only on g 1 × g 2 up to dilations. But this extends to h onM since, via (10), there is a formulae for h of the form (8) on M × R + × R + . We may view this as the product of the metric cone with the cone over a point. (In fact we could allow s 2 to range over R but this extension is not critical for our current discussions.) There is an obvious variant of this for the case λ < 0.
The observations above lead to Theorem 3.4 below. First we note that there is an obvious consequence of the ambient construction in Theorem 2.1. An ambient manifold, as described at the start of section 2, can only be Ricci-flat if the Fefferman-Graham obstruction tensor B is identically zero [12, 19] . Thus we have the following. Corollary 3.3. Suppose that g is a metric conformally related to a product metric g 1 × g 2 , where (M
Then the obstruction tensor B g is everywhere vanishing.
As mentioned earlier, it was already known that the obstruction tensor necessarily vanishes on manifolds that are conformally Einstein (or more generally it vanishes on conformally almost-Einstein manifolds as below). Thus part of the importance of the Corollary above is that, according to the next Theorem, it gives a more general class of structures for which the obstruction vanishes identically.
Recall that an almost-Einstein structure [16] on a manifold is a conformal structure with a parallel standard tractor. Almost Einstein structures generalise the notion of Einstein manifolds since an almost-Einstein manifold is Einstein on an open dense subspace. The parallel tractor determines the Einstein scale. The corresponding conformal notion (i.e. the corresponding generalisation of conformally Einstein) is a conformal structure that is known to admit (at least) one parallel standard tractor (but this is not specified). In this case we say the manifold is conformally almost Einstein. Proof: Suppose that [g 1 × g 2 ] is conformally almost-Einstein. Then the standard tractor bundle admits a parallel tractor I A . From Theorem 6.4 the holonomy of the standard tractor bundle is canonically the same as the holonomy group for the (Q connected component of the) ambient metric (1). Thus there is a corresponding parallel vector field I on the ambient space. Since we have a product connection on the ambient space, the projections of I, pr 1 (I) ∈ Γ(T M 1 ) and pr 2 (I) ∈ Γ(T M 2 ) are each parallel. It follows that one of these, without loss of generality I 1 := pr 1 (I) is not-zero. So M 1 has the parallel vector field I 1 . It follows that this is clearly also parallel for the ambient metric h 1 := λs
of M 1 (c.f. (11)). Note that from the construction of I 1 on this ambient space as a trivial extension of a vector field on the cone M 1 , it follows immediately that ds 2 (I 1 ) = 0. On the other hand the vector field V = ∂/∂s 2 is also clearly parallel for h 1 and linearly independent of I 1 (since ds 2 (V ) = 1 = 0). Linearly independent parallel tractors on the ambient manifold determine linearly independent parallel standard tractors for the normal tractor connection [9, 18] and so (M 1 As a slight digression we point out that when there are multiple (almost-) Einstein scales then these are never isolated. Since almost-Einstein structures are exactly parallel sections of the standard normal conformal tractor bundle [16] , it follows that if there are two distinct almost-Einstein structures then there is a 2-dimensional family (R 2 \ {0}) of such structures.
For our later considerations we observe some basic results concerning the Euler vector field for cone products. Given a tensor field on a manifold we use the same notation for the trivial extension of this field to a field on a product of the manifold with another. For a pair of pseudo-Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ), the product metric g 1 × g 2 is given, using this convention, as a covariant 2-tensor on M 1 × M 2 , by g 1 + g 2 . For a constant α we say a vector field V is an α-homothety of a metric g if
Lemma 3.5. Given pseudo-Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ), X 1 is an α-homothety of g 1 and X 2 is an α-homothety of g 2 if and only if
Proof: From the definition of the Lie derivative it follows immediately that, for any tensor T on M 1 , its trivial extension to M 1 × M 2 satisfies the condition that L V T = 0 for any vector field V on M 2 . Of course we can swap the roles of M 1 and M 2 in this statement. Using this the result follows from the bilinearity and naturality of the Lie derivative:
Note
Proof: Since, for i = 1, 2, the vector fields X i are tangential to the leaf submanifolds, we have
On the other hand if we have (g 1 + g 2 )(X 1 + X 2 , ) = df , for some function f on M 1 × M 2 then by restriction we obtain that g i (X i , ) = d i f which shows that, on any leaf of the product, X i is a gradient field. So X i is a gradient on M i .
Recall, from the proof of Theorem 2.1, that on the ambient manifold there is a canonical Euler vector field X. This is the Euler field from the R + -action on the cone Q and the trivial extension of this action via the product Q × I =M . From the formula (1) for the metric we see that X is a homothetic gradient field. This has an obvious origin in the case of a metric cone product construction, as follows. Proposition 3.7. In the case that the ambient metric is a product of cone metrics, as in Proposition 3.1, then the canonical ambient Euler vector field X is the sum of the Euler fields for the metric cones M 1 and M 2 .
Proof: Suppose that the ambient space (M , h) is a product (M 1 × M 2 , g 1 × g 2 ), as in Proposition 3.1. Each metric cone (M i , g i ) (i = 1, 2) has an Euler field X i which is a 2-homothetic gradient field. Thus from the previous Lemmas X 1 + X 2 is a 2-homothetic gradient field onM .
In terms of the coordinates used for the ambient metric in expression (1) the ambient Euler field is t∂/∂t. Using (9) and (10) this is easily re-expressed in terms of the cone coordinates s 1 and s 2 : t∂/∂t = t ∂s 1 ∂t∂/∂s 1 + ∂s 2 ∂t∂/∂s 2 = 1 2 (s 1 + s 2 ) (1 + µρ)∂/∂s 1 + (1 − µρ)∂/∂s 2 = s 1 ∂/∂s 1 + s 1 ∂/∂s 1 .
Remark: Note that using Lemma 3.5, Lemma 3.6 and the formula (8) one can see immediately that the metric h × is a Ricci-flat ambient metric without performing coordinate transformations to put it in form of (1): Writing X i (i = 1, 2) for the respective cone Euler fields, X 1 + X 2 is a 2-homothetic gradient field for h × (and so property (i) of the ambient metric definition is satisfied). Along the hypersurface s 1 = s 2 , h × obviously restricts to the tautological bilinear form for the conformal structure Q → (M 1 ×M 2 ) (and so property (ii) of the ambient metric definition is satisfied). As mentioned earlier it is a product of Ricci-flat metrics and therefore Ricciflat. We should point that, there is nevertheless considerable value in the normal form (1) for the ambient metric. This form has a very useful useful geometric interpretation, as outlined in [12] . For the purposes of this article, it enabled an extension of the cone product metric to a larger manifold. It also is valid for the case that the boundary structure is conformal to a product of Ricci-flat metrics (a case for which the the metric cones are unavailable). Finally giving the ambient metric in this form yields immediate contact with the previous explicit treatments of the ambient manifold such as [12, 20] (where this nomalisation of the ambient metric is also used). | | | | | | | Finally, for later use, we observe that metric cones are characterised as follows [15] . 
The Poincaré metric
Suppose for a conformal n-manifold M that there is an ambient metric h
where ρ is a defining function for Q in the ambient manifoldM , t is homogeneous of degree 1 with respect to dilations onM and the x i arise from coordinates on M . Hereg(x, ρ) is the pull-back toM of a family of metrics on M parametrised by ρ and such that g = g(x, 0) is a metric from the conformal class on M . Following [12] (see also [25] ) we define (M + , g + ) to be the embedded (hypersurface) structure given by the zero set of the defining function h(X, X)+1, with g + the pull-back ofg to this embedded manifold.
To study this explicitly we introduce new coordinates (on the ρ < 0 side of Q) inM as follows. Let r = √ −2ρ and u = rt. Then a direct calculation yields
with g(x, r) ij =g(x, ρ(r)) ij . From (13) we see that the ambient structure is a metric cone manifold over (M + , g + ). The ambient Euler field X is calculated to be X = u∂/∂u in the new cone coordinates, and so over (M + , g + ) it has the interpretation of the Euler field for this cone. From (6) it follows that if h is Ricci-flat (which we henceforth assume) then g + is Einstein with Ric(g + ) = −ng + . On the other hand from (14) (and since r(ρ) extends smoothly to ρ = 0) g + is conformally compact with conformal infinity (M, [g] ).
In particular we may apply this to the ambient metric (1) from Theorem 2.1. To respect that (M, g) = (M 1 × M 2 , g 1 × g 2 ), in that case we write (M 1,2 , g 1,2 ) for (M + , g + ) and have the following result. 
there is a conformally compact Einstein manifold (M 1,2 , g 1,2 ), with
and conformal infinity
. This is given explicitly by
where, with µ satisfying 2m 1 (m 1 − 1)µ := Sc(g 1 ) and 2m 2 (m 2 − 1)µ := −Sc(g 2 ), we have
Note that in the special cases that m 1 , m 2 ≤ 1 there is a family of Poincaré metrics parametrised by µ.
The ambient metric over a Poincaré-Einstein metric
We digress briefly to observe here that the above construction of the Poincaré-Einstein metric is reversible, and this gives a notion of an ambient metric over any Poincaré-Einstein metric. We recover the ambient metric as a simple smooth extension of the metric cone over the interior (or bulk) of the Poincaré metric structure. We will need this result in section 7. For simplicity of exposition we will assume that the Poincaré-Einstein structure is smooth, however the construction extends in an obvious way to metrics with some specified regularity.
Suppose that (M n+1 , g, r) is a Poincaré-Einstein structure. That is M is a manifold with boundary a smooth manifold ∂M = M , r is a non-negative defining function for M , and, off the boundary g + := r −2 g is Einstein with scalar curvature −n(n+1). Then, as mentioned above, the restriction of g to T M in T M + | M determines a conformal structure [g] . We define the ambient manifold over (M n+1 , g, r) to beM = M × R + . We write π :
The manifoldM is equipped with a metric and smooth structure as follows. Off the boundary we use the usual product smooth structure on M + × R + . We will use u here for the standard coordinate on R + . The defining function determines, for some ǫ > 0, an identification of M × [0, ǫ) with a neighbourhood of M in M : since |dr| g is non-vanishing along the boundary, (p, y) ∈ M × [0, ǫ) is identified with the point obtained by following the flow of the gradient g −1 (dr, ), through p, for y units of time. Thus over this we also have an identification ofM with M × [0, ǫ) × R + . Suppose that x i are local coordinates on U ⊂ M then on U × (0, ǫ) × R + we have coordinates (x i , r, u). We construct a coordinate patch forM over U × [0, ǫ) by taking coordinates (x i , ρ, t) on U ×(−ǫ 2 /2, 0]×R + and identifying this space with π −1 (U × [0, ǫ)) by the coordinate transformation ρ = − 1 2 r 2 , t = u/r on π −1 (U × (0, ǫ)). This is obviously independent of the coordinates x i , local on M . Thus, by doing this for all coordinate patches on M , this extends a smooth structure toM .
We take the cone metric h := u 2 g + − du 2 on π −1 (M + ). This cone metric is Ricci flat and so it remains to verify that it extends smoothly to a nondegenerate metric on Q.
The condition Ric(g + ) = −ng + implies that on M |dr| g = 1. However a choice of metric g (from the conformal class) on M determines a unique defining function r, in a neighbourhood of M , by requiring |dr| g = 1 and g| T M = g. The defining function determines, for some ǫ > 0, an identification of M × [0, ǫ) with a neighbourhood of M in M and in terms of this the metric g + takes the form
where g r is a 1-parameter family of metrics on M . See [20] for details (in the case of Riemannian signature but the argument their is essentially unaltered for other signatures given our assumptions). The change from a general defining function to one that satisfies |dr| g = 1 in a neighbourhood of M is achieved by a smooth rescaling r → e ω r (for some smooth function ω) thus assuming that we have such a normalised r does not affect the smooth structure onM . Using (15) and the coordinate transformation ρ = − 1 2 r 2 , t = u/r on π −1 (U × (0, ǫ)) it follows easily that the metric h may be written in the form (2) and so obviously extends as a metric to Q.
Remark: There is an obvious variant of the above construction where one would only assume the Poincaré metric is asymptotically Einstein. In this case the ambient metric will be asymptotically Ricci-flat.
Holonomy
First we observe a general result. Let (M, g) be a pseudo-Riemmanian signature (p, q)-manifold. We write F q to denote a frame based at q ∈ M and A·F q for the obvious action of A ∈ O(p, q) acting on F q . If γ q is the trace of a closed curve based at q then we write F γfor the frame obtained from F q by parallel translation around γ q . Recall that the holonomy, based at q, of the metric g is by definition the group Hol q (M, g) = {A ∈ O(p, q) : for any frame F q ∃ γ q s.t. F γ= A·F q } Now suppose that on M there is everywhere a homothetic gradient field v. That is a constant c such that
We need some preliminary notation and results before we prove the Theorem. Let us parametrise the integral curves of v by a smooth function s on M which vanishes on E. Write ϕ p,s for the flow of v through p ∈ M at a time s. For q ∈ M let us fix attention on a closed smooth path γ q : [0, 1] → M , γ q (0) = γ q (1) = q. Over γ q we construct a 2-parameter path-cone:
, where D is the open subset of [0, 1] × R which gives the maximal range of definition of the flow (s runs over an interval that depends on t). By analogy with our treatment of curves we will also use Γ q to denote the trace (graph) of this function in M since in any instance the meaning should be clear by context. Now for F q ∈ T q M we write F q (t) for the field (at time t) along the trace of γ q (t) given by parallel translation of F q . We extend this to the path cone by parallel translation along the flow lines of v; we write F q (t, s) for the vector in T Γq(t,s) M given by the parallel transport of F γq(t) to ϕ γq(t),s along the integral curve of v through γ q (t). We need to compare parallel transport in this way with Lie dragging.
Proof: Since the Levi-Civita connection ∇ is torsion free we have
This vanishes since by construction F q (t, s) is parallel along the flow lines of v. On the other hand, since v is homothetic we have
This sets us up for the key result on the path-cone which is as follows.
Proof: Let us writeγ s q (t) for a tangent field to the curve
determined by a fixed value of s. Now it follows from the s derivative of Γ q (t, s) thatγ s q (t) = ϕ γq(t),s * (γ s q (t)). This with the previous lemma implies
since s is constant. But since v is a homothetic gradient field its flow preserves the Levi-Civita connection. So
But it is also parallel in the direction of v and so the result follows.
Proof of the Theorem: First observe that since each integral curve of v meets the v-transverse hypersurface in exactly one point, there is a canonical smooth projection π : M → E which for p ∈ M finds the point π(p) ∈ E on the flow through p. Thus given an arbitrary closed path γ q (based at q ∈ E) there is a path γ E q with trace in E given by γ E q (t) = π • γ q (t). This determines a function S E (t) which gives the value of the parameter s where
There is a vector field along the trace of γ E F E q (t) := F q (t, s E (t)). From the last Lemma this is parallelly transported around γ E :
By construction F q (1) = F E q (1), since s E (1) = 0. Since this holds for all vectors F q ∈ T q M and for all closed paths γ q the proof is complete. 
Proof: We will retain only the Q connected component of the ambient manifold and term this the ambient manifold.
First we treat the case that Sc(g 1 ) = m 1 (m 1 −1)λ for λ = 0. Then (M , h) is a product of cones M 1 and M 2 with metrics given, respectively, as in (7). The holonomy of the product, the ambient manifold, is the product of the component holonomy groups. On each cone there is a homothetic gradient field in the sense of Theorem 6.1 above. These are respectively s 1 ∂/∂s 1 and s 2 ∂/∂s 2 . Thus on each cone M i (i = 1, 2) the holonomy may be computed by considering paths only in the s i = 1 transverse hypersurface. It follows easily that the ambient holonomy is generated by (the transport of full frames for T (M 1 × M 2 ) along) loops in the codimension 2 submanifold s 1 = 1 = s 2 . But this submanifold is in Q and is a section over M 1 × M 2 and so this holonomy group is exactly the conformal holonomy, that is holonomy of the normal tractor connection. To see this last claim we use following result of [9] (see also [18] ). Write TM | Q for the restriction of the ambient tangent bundle to Q and define an action of R + on this space by s −1 σ s * ·ξ. Here σ is the principal action of R + on Q given by σ s (g x ) = s 2 g x . Then the quotient (TM | Q )/R + is a vector bundle over Q/R + = M . This may be identified with the standard conformal tractor bundle and via this identification the ambient parallel transport induces the normal tractor connection. It follows immediately that parallel transport along any fixed section of Q is sufficient to recover the conformal holonomy. Now in the case of λ = 0 suppose the ambient metric is given by (1) . Then ∂/∂ρ is parallel, and hence a homothetic gradient field. This is obviously transverse to Q and so the ambient holonomy may be calculated by paths in Q. From the result that the R + -action on (TM | Q ) by ξ → −1σ s * ·ξ agrees with parallel transport [9, 18] it follows easily that the ambient holonomy may be calculated via loops in a section of Q and thus agrees with the conformal holonomy.
Characterisation by special Killing forms
We want to characterise here sub-product spaces (M 1,2 , g 1,2 ) (as they were constructed in Theorem 4.1) by the existence of certain differential forms subject to a system of so-called special Killing form equations.
To start with, let
be a Poincaré-Einstein metric on M 1,2 = M 1 ×M 2 ×I as in Theorem 4.1. We assume here that the factors M of the sub-product are oriented spaces of dimensions m 1 ≥ 1 and m 2 ≥ 0. Then we denote with vol(g i ), i = 1, 2, the volume forms, which correspond to the metrics g 1 resp. g 2 . We use the same notation for the pull-backs of these volume forms to the sub-product M 1,2 .
Lemma 7.1. Let µ > 0. The m 1 -form
) satisfies the differential equations Proof. We use the coordinate change s = ln( Let {e 1 , . . . , e m 1 } denote a local orthonormal frame for g 1 on M 1 and let {f 1 , . . . , f m 2 } be a local orthonormal frame on (M 2 , g 2 ). We set g 1 ij := g 1 (e i , e j ) for i, j ∈ {1, . . . , m 1 } and g 2 ij := g 2 (f i , f j ) for i, j ∈ {1, . . . , m 2 }.
Moreover, we denote by e ♭ i and f ♭ i the dual 1-forms with respect to g 1 resp. g 2 . The pull-back of these gives rise to a local (orthogonal) coframe
For the covariant derivatives we find the formulae (cf. [34] )
where h ′ i := ∂ ∂s h i and ∇ g i , i = 1, 2, denote the Levi-Civita connections of g 1 resp. g 2 . Further, we obtain
(where in the middle part of the equation ds stands at the i-th position of the ∧-product)
ds ∧ ψ, which shows that ψ is a Killing form, i.e., ∇ 1,2 ψ = 1 m 1 +1 dψ. Moreover, we calculate We remark that the assumption µ > 0 in Lemma 7.1 does not cause any loss of generality as we do not make an assumption on the signature of the metric g 1,2 .
In general, a differential p-form ϕ on some space (N n+1 , g) of dimension n + 1, which satisfies
for all Y ∈ T N and some constant c ∈ R {0}, is called a special Killing form (cf. [35, 30] ). The Killing constant is related to the scalar curvature of g by c = − (p+1)Sc(g) (n+1)n . On an oriented space N it is straightforward to see that if ϕ is special Killing then so is ⋆dϕ, where ⋆ denotes the Hodge operator (cf. [30] ). There is also a description for special Killings forms in terms of the cone. Letg = −sgn(c)( −cu 2 p+1 g + du 2 ) be the cone metric for g onÑ = N × R + . (From the given relation of c to the scalar curvature it is clear that this is in fact the cone as defined in section 3.) For the pull-back of ϕ toÑ , we will also write ϕ. It is shown in [35] that the (p + 1)-form
is parallel with respect to the Levi-Civita connection of the cone metric. On the other hand, if a cone metricg of some g admits a parallel (p + 1)-form ϕ then the p-form ϕ = ι Xφ (restricted to the 1-level of the cone) is a special Killing form on (N , g). Here ι X denotes the insertion of the Euler vector X = u∂/∂u.
We want to use this correspondence to prove a characterisation result for sub-products of Poincaré-Einstein metrics of the form g 1,2 (cf. Theorem 4.1). Let us call a differential form ϕ non-degenerate and simple if it is at every point of N a ∧-product of 1-forms and has nowhere vanishing length. We denote by γ # the dual vector to a 1-form γ with respect to g on N .
Theorem 7.2. Let (N n+1 , g) be a simply connected Poincaré-Einstein space of dimension n + 1 with Ric(g) = −ng and conformal boundary ∂N = M n .
(1) Suppose that there exists a non-degenerate and simple m 1 -form ψ which satisfies the differential equations
) is a sub-product as constructed in Theorem 4.1 with a metric on the bulk of the form
) is a sub-product as described in Theorem 4.1 then locally on the bulk of N there exists a m 1 -form ψ which satisfies the system of differential equations with respect to some 1-form γ as in (1) . Near the boundary |ψ| −1 is a defining function.
Proof. First, let us assume that g := g 1,2 on N = M 1 × M 2 × I is of the form as described in Theorem 4.1. Then we know from Lemma 7.1 that locally (with some choice of orientation) the non-degenerate and simple differential form ψ = ds and together with the formulae for the covariant derivative of ds from the proof of Lemma 7.1 we see that the demanded conditions are satisfied for this choice of ψ. In particular, the 1-form γ has length greater than 1. The length function |ψ| g tends to infinity near the boundary and its inverse |ψ| −1 g is locally a defining function (cf. Lemma 7.1).
On the other side, let ψ be a differential form on N such that
for all Y ∈ T N , where γ is some smooth 1-form with the properties as in (1) . The first equation implies immediately that ψ is a Killing form, i.e.,
We consider now the ambient metricg onM = N × R + (with boundary as in section 5) over the Poincaré-Einstein space (N , g). Over the bulk of N the ambient metricg is just the cone metric u 2 g − du 2 . The (
m 1 +1 dψ is parallel on this cone. With the assumptions on ψ and γ, it follows thatψ is non-degenerate and simple. Moreover, since N is simply connected, the ambient spaceM itself is simply connected and orientable and we can apply a Hodge star operator onψ to obtain a non-degenerate and simple parallel differential form ⋆ψ. This shows by the deRham decomposition Theorem (cf. [36] ) thatg is isometric to a product g 1 ×g 2 of Ricci-flat metrics on some product space M 1 ×M 2 (which includes M as a submanifold with boundary).
Inserting the Euler vector X = u∂/∂u into the parallel differential forms ψ and ⋆ψ reproduces the special Killing forms ψ resp. ⋆dψ on N . The latter form is equal to 1 m 1 +1 ⋆ (γ ∧ ψ) and has by assumption no zeros on N . This shows that the projections of the Euler vector X to the factors M 1 and M 2 of the product structure on the ambient space have no singularities and are either everywhere timelike or spacelike. Since these projections of X are homothetic gradient vector fields (cf. Lemma 3.5 and Lemma 3.6), we can conclude by using Lemma 3.8 that g 1 and g 2 are cone metrics over some Einstein spaces (M 1 , g 1 ) and (M 2 , g 2 ). By choosing appropriate scales for the metrics g 1 and g 2 it is straightforward to see that g 1 × g 2 is just a metric in the conformal class of the boundary M = M 1 × M 2 of the initial Poincaré-Einstein space (N , g). In particular, the ambient space (M ,g) is a submanifold of the ambient space of (M 1 × M 2 , g 1 × g 2 ) that we introduced in Theorem 2.1. It follows that the initial Poincaré-Einstein space (N , g) is a sub-product space as constructed in Theorem 4.1.
Examples and multiple sub-products
It should be expected that, for Einstein manifolds, the generic situation is that there is a single Einstein metric in the conformal class (ignoring constant dilations of the metric). However to be concrete we give here some examples of Poincaré-Einstein metrics from Theorem 4.1 where the boundary conformal structure is not conformally Einstein.
Let us consider the special orthogonal group SO(4) in dimension 4. This is a 6-dimensional compact semisimple Lie group and the Killing form B of the Lie algebra so(4) is an invariant non-degenerate negative definite symmetric biliniear form, which gives rise to a bi-invariant (negative definite) Riemannian metric g B on SO(4). This metric is well-known to be Einstein of negative scalar curvature −3/2. In fact, the conformal holonomy algebra of the conformal class which is given by g B on SO(4) is equal to so(7) (cf. [29] ). The subalgebra so(7) sits naturally as subalgebra in the structure algebra so(1, 7) and acts trivially on a 1-dimensional subspace of the 8-dimensional standard representation R 1,7 . This shows that there exists (up to constants multiples) exactly one parallel standard tractor on SO(4) (which, of course, corresponds to the Einstein metric g B ).
Now we define M := SO(4) × SO(4) with metric g B×B := g 1 B × g 2 B , where g 1 B is −g B on the first factor, and g 2 B is g B on the second factor. This is a product of Einstein metrics, which satisfies the scalar curvature relation of Theorem 2.1 for the construction of a Ricci-flat ambient metric. By the unique existence (up to multiples) of Einstein scales on the factors and using Theorem 3.4 we know that M with metric g B×B is not conformally Einstein. The corresponding Poincaré-Einstein metric is explicitly given on M ×[0, r o ) with r 0 = 4· . Another way to make examples is by using 4-manifolds in the sub-product construction. Einstein Riemannian 4-manifolds have only one Einstein scale, unless they are conformally flat. This is easily seen as follows. Suppose we have two linearly independent almost-Einstein structures on a 4-manifold. This exactly means that the manifold admits two linearly independent parallel standard tractors I 1 and I 2 . The exterior product of these I 1 ∧ I 2 is obviously parallel. This (adjoint) tractor I 1 ∧ I 2 is a jet prolongation of a conformal gradient field k which annihilates the Weyl curvature C (i.e., ι k C = 0), see section 2.3 of [17] . Since the parallel tractor I 1 ∧ I 2 is a prolongation of k and parallel it follows immediately that k is non-vanishing on an open dense set in the manifold. On the other hand in dimension 4 we have the identity |C| 2 δ a b = 4C acde C bcde , and so |C| 2 = 0 on an open dense set, and hence everywhere.
Finally, we present a recursive construction principle of multiple subproducts based on Theorem 4.1 in order to produce Poincaré-Einstein spaces. For this purpose we set up the following initial data. Let (M + , where theḡ i 's denote the cone metrics of the g i 's. By Theorem 3.4 we can conclude that the conformal structure [G ℓ−1 × g ℓ ] at infinity is not conformally almost-Einstein in case that every metric g i for i ∈ {0, . . . , ℓ} of the initial setting admits exactly one almost-Einstein scale.
